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Abstract. A procedure is developed to calculate red 
blood cell and phospholipid vesicle shapes within the 
bilayer couple model of the membrane. The membrane 
is assumed to consist of two laterally incompressible 
leaflets which are in close contact but unconnected. 
Shapes are determined by minimizing the membrane 
bending energy at a given volume of a cell (V), given 
average membrane area (A) and given difference of the 
areas of two leaflets (AA). Different classes of shapes 
exist in parts of the v/Aa phase diagram, where v and 
Aa are the volume and the leaflet area difference rela- 
tive to the sphere with area A. The limiting shapes are 
composed of sections of spheres with only two values 
allowed for their radii. Two low energy axisymmetrical 
classes, which include discocyte and stomatocyte 
shapes are studied and their phase diagrams are ana- 
lyzed. For v = 0.6, the discocyte is the lowest energy 
shape, which transforms by decreasing Aa continu- 
ously into a stomatocyte. The spontaneous membrane 
curvature (Co) and compressibility of membrane leaf- 
lets can be incorporated into the model. 

A model, where AA is free and Co determines the 
shapes at given V and A, is also studied. In this case, 
by decreasing Co, a discocyte transforms discontinu- 
ously into an almost closed stomatocyte. 

Key words: Phospholipid membrane, red blood cell 
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Introduction 

The inner solutions of red blood cells (RBC) and phos- 
pholipid vesicles (PV) do not involve any structure and 
therefore the shapes of these objects depend solely on 
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the physical and chemical state of their membranes. It 
is commonly believed that for a given membrane the 
shapes that are formed correspond to the minimum 
value of the membrane elastic energy. This energy can, 
in general, be decomposed into the sum of the stretch- 
ing, shear and bending energy terms (Evans and Ska- 
lak 1980). It is also a general property of membranes 
that relatively much more energy is needed to stretch 
them than to cause shear deformation or bending. 
Consequently, the shape established by a flaccid cell or 
vesicle corresponds to the minimum value of the sum 
of the shear and bending energy terms, where its mem- 
brane area is practically constant. In particular, phos- 
pholipid membranes are two-dimensional liquids and 
as such do not exhibit shear elasticity. Thus their 
shape is determined only by the membrane bending 
energy. The RBC membrane is structurally more com- 
plex than the PV membrane, involving, for example, a 
cytoplasmic protein network. The RBC membrane ex- 
hibits shear elasticity (Hochmuth and Waugh 1987) 
and how this may affect the cell shape has been theo- 
retically analyzed (Zarda et al. 1977). However, which 
of the above two elastic deformations is the main de- 
terminant of the RBC shape still cannot be definitely 
established. At least some of the shapes observed in PV 
and RBC systems are alike (Sackmann et al. 1986), 
which indicates a possible dominant role of the mem- 
brane bending energy. It is therefore of interest to in- 
vestigate the RBC shape behavior under the assump- 
tion of a minimum value of membrane bending energy 
as a possible limiting case of a more general situation. 

The idea that the RBC shape is determined by the 
minimum value of the total membrane bending energy 
has been introduced by Canham (1970) who, by ap- 
proximating the RBC geometry by the ovals of Cas- 
sini, obtained theoretically that at constant cell vol- 
ume and membrane area, the shape with the minimum 
value of membrane bending energy is a discocyte. 
Jenkins (1977), by applying a general variational prin- 
ciple to the problem of shape determination, has 
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shown that at a given cell volume there is a multiplicity 
of possible axisymmetrical shapes, in which some in- 
volve equatorial reflection symmetry (symmetrical 
shapes), and others do not (asymmetrical shapes). 
Helfrich and Deuling (1975) extended the minimum 
bending energy approach by also taking into consider- 
ation the spontaneous curvature, the membrane mate- 
rial property measuring the asymmetry of the mem- 
brane. By comparing the calculated bending energies 
of two classes of symmetrical axisymmetrical shapes, 
oblate and prolate, they concluded that the oblate 
shape which at lower volumes gives rise to discocyte 
shapes, has at a given larger volume a smaller value of 
membrane bending energy only if the spontaneous 
curvature is sufficiently negative. In a continuation of 
their work, Deuling and Helfrich (1976 a) gave a cata- 
logue of vesicle shapes, the shapes having been calcu- 
lated at different values of enclosed volume, membrane 
area and spontaneous curvature. A large variety of 
axisymmetrical shapes was presented, allowing for in- 
dentations, cavities and contact of the membrane with 
itself. Deuling and Helfrich (1976 b) have also shown 
the similarity of some calculated shapes with discocyte 
and stomatocyte RBC shapes. Luke (1982) contribut- 
ed an efficient numerical method for calculating vesicle 
shapes and presented some more shapes, in particular 
some appearing at positive values of spontaneous cur- 
vature, which suggests a vesicle cleavage phenomenon 
(Luke and Kaplan 1979). More recently Peterson 
(1985) performed a stability analysis of vesicle shapes 
which indicated that, for a given cell or vesicle volume, 
the axisymmetrical shapes are not stable at all values 
of spontaneous curvature. 

Another line of RBC shape research has indicated 
the importance of the fact that the RBC membrane is 
composed of layers. Evans (1974), when treating the 
mechanical properties of layered membranes, intro- 
duced the concept of chemically induced average cur- 
vature. The notion of this membrane property is very 
clearly represented in qualitative terms by the bilayer 
couple hypothesis (Sheetz and Singer 1974). In its most 
general form, this hypothesis is that the two leaflets of 
the closed membrane bilayer may respond differently 
to various perturbations while remaining in contact. 
The bilayer couple hypothesis was introduced in order 
to provide a qualitative explanation for RBC shape 
transformations which arise because of the interaction 
of the RBC membrane with a wide range of amphipa- 
thic molecules. Those of them which bind preferen- 
tially to the cytoplasmic side of the membrane were 
assumed to expand the inner bilayer leaflet relative to 
the outer, thus causing a cell to convert from the nor- 
mal biconcave disc shape (discocyte) to a cupped form 
(stomat0cyte). Those amphipathic compounds which 
bind preferentially to the external half of the bilayer, 
were assumed to expand the outer leaflet relative to the 

inner one, thus causing a normal cell to convert into a 
crenated form (an echinocyte). Because the cyto- 
plasmic side of the bilayer part of the RBC membrane 
is highly negative and the external side is practically 
neutral, the above conclusions accord with the obser- 
vation of Deuticke (1968) that most of the compounds 
which crenate the RBC are anionic amphipathic and 
that most of the cup formers are cationic amphipathic. 

The idea of coupled layers can be incorporated 
into the quantitative treatment of RBC and PV shapes 
based on the membrane bending energy by consider- 
ing in the minimization procedure, in addition to the 
constancy of the cell volume and the membrane area, 
the constraint of the constancy of the difference be- 
tween the areas of the two bilayer leaflets (Svetina et al. 
1982). The application of a strict variational approach 
to the problem (Svetina and Zek~ 1983, 1984, 1985) has 
indicated a number of interesting properties of this 
system, such as the occurrence of symmetry instabili- 
ties and geometrical limitations of possible shapes. 
The aim of this work is to give a more thorough pre- 
sentation of these properties. 

In the first part, the theoretical procedure for the 
determination of  axisymmetrical shapes of bilayered 
vesicles and cells is presented. Particular emphasis is 
devoted to the determination of limiting shapes due to 
geometrical restrictions. Properties of the system are 
then discussed by treating two representative classes of 
shapes, the class of symmetrical shapes which includes 
the discocyte shapes and the class of asymmetrical 
shapes which includes the cup (stomatocyte) shapes. 
The corresponding analysis is first worked out for the 
case of no spontaneous curvature, which allows those 
properties of the system treated which do not depend 
on the material constants of the membrane to be 
singled out. The effect of the inclusion of the spontane- 
ous curvature is discussed separately. 

Theory 

(i) Minimization o f  the membrane bending energy 

The problem is to find the extreme values of the mem- 
brane bending energy 

VVb = 1 K  S (C t + C2) 2 dA*, (1) 

where K is the membrane bending elastic constant, Ca 
and C2 are the two principal curvatures, and integra- 
tion is performed over the whole area of the neutral 
surface of the bilayer (A*). The minimization proce- 
dure is to be carried out at fixed values of cell volume 
(V), area of neutral surface (A) and difference between 
the areas of the two membrane leaflets (AA). 



103 

The shape of a cell can therefore be obtained by 
minimizing the functional ~ 

G =  W b - ) ~ ( A * - A ) - - # ( V * - V ) - v ( A A * - A A ) .  (2) 

Where A*, V* and AA* are the membrane area, cell 
volume and the difference in leaflet areas, respectively, 
and the three Lagrange multipliers (2, #, v) are deter- 
mined from the conditions 

A* = A, V* = V, AA* = A A .  (3) 

The difference in leaflet areas 

AA*  = fi ~ (C~ + C2) dA* (4) 

is proport ional  to the average curvature. Here 6 is the 
distance between the neutral surfaces of the two leaf- 
lets. 

The expression for the membrane bending energy 
(Eq. 1) is scale invariant, i. e. it has the property that for 
a given shape it does not depend on the cell or vesicle 
size. It is therefore appropriate in the forthcoming 
analysis to choose the unit of length in such a way that 
the membrane area equals unity. If R~ is the radius of 
the sphere with the membrane area A 

R~ = (A/4n)  1/2 (5) 

the new variables, i.e. the two dimensionless curva- 
tures, are 

Cx = Rs C1, C 2 = R~ C2. (6) 

It is then also convenient to define the relative volume 

v = V/V~, V~ = 4 ~ R ~ / 3  (7) 

and relative difference between the areas of the two 
membrane leaflets 

Aa = AA/AA~ ,  AA~ = 87rfi R~ (8) 

while relative area a = 1. In an analogous manner, the 
relative area element can be expressed as 

da* = dA*/4 ~ RE (9) 

and v* = V*/V~, Aa* = AA*/AA~.  

It is clear that the result of the minimization proce- 
dure does not depend on the value of the membrane 
bending constant, K. It is therefore appropriate to 
measure also the membrane bending energy and the 
energy functional G (Eq. 2) relative to the bending 
energy of the sphere 

w b = Wb/8rcK,  g = G / 8 r c g .  (10) 

1 In Eq. (2) the Lagrange multiplier 2, which corresponds to the 
lateral tension in the membrane,  is assumed to have the same 
value at all points of the membrane. A more general treatment 
shows, however, that  the lateral tension changes over the 
contour and depends on the local curvature (Evans 1980). 
This dependence is proport ional  to the square of the curvature 
and in the present t reatment is neglected. 

We therefore obtain for the dimensionless energy func- 
tional g the expression 

1 g = ~ 5 ( C  1 "~- C2) 2 da* - ¼L(a* - 1) - gi M(v*, - v) 

- ½N(Aa* - Aa).  (11) 

Here the new Lagrange multipliers L, M and N are 
related to 2, # and v as 

2R 2 Ro a 26 Rs 
L = 2 - -  M = # ~ - ,  N = v - -  (12) 

K ' K 

It is easy to see from the structure of the energy func- 
tional G (Eq. 2) that the three Lagrange multipliers 2, 
# and v represent the thermodynamically conjugated 
fields to A, V and AA, respectively. Therefore, at equi- 
librium, when Wb = Wb (A, V, AA), the Lagrange multi- 
pliers are given by 

2 = OA ' # = ~ V  ' v =- OAA" (13) 

On the other hand, one can conclude from Eq. (11) 
that at equilibrium, the bending energy Wb = 
8 n K W b  (V, Aa) depends only on v and Aa. As a conse- 
quence, the Lagrange multipliers are interrelated as 

3 V #  + 1 A A v  = 0 (14) A 2 + ~  

or in the dimensionless form 

L + v M  + A a N  = 0. (15) 
Following the procedure used by Deuling and Helfrich 
(1976a), for a cell with an axisymmetrical shape, the 
corresponding contour x = x(z) ,  with z the dimen- 
sionless coordinate along the axis and x the dimen- 
sionless distance from the axis, can be obtained by 
minimizing the functional g (Eq. 11), which can be ex- 
pressed for the axially symmetric case as 

g = ¼~(cp+ c,,) 2 da* - ¼L(a* - 1 ) - ~ t M ( v * ,  - v) 

- ½N( a* - ( 1 6 )  

Here cp is the principal curvature along the parallels 
and Cm is the principal curvature along the meridians, 
and the geometrical parameters of the cell are given by 

x dx 
1 ( 1 7 )  

a* = 2  1 - ( x c v ) 2 ]  i/2 

v* =,j3f[1 x 3 c v d x  (•8) 
- (x cp)2] 1/2 

a f  dx (19) 
3 a *  = [1 - ( x  Cp) ] " 

The two principal curvatures of an axisymmetrical ob- 
ject are interrelated 

dcp (20) 
c m = Cp + x dx  

and the above functional g can therefore be expressed 
as 

( 0 = ~ 0  X, Cp, d x / d X .  (21) 



104 

The variational procedure therefore leads to the 
Lagrange-Euler equation 

- 0 ( 2 2 )  
~ep d x  ~ (dcp/dx)  

which has a form of a second-order differential equa- 
tion for ep (x): 

x I d c p (  d c v ,  
2 ( 1 _ x 2 c 2  ) x c , - ~ x  2 e p +  X ~ x  ) (23) 

] d (  dcp, 
+ M + L c p + N c ~  + d x  2 c ' + X ~ - x ) = 0 "  

The latter can be appropriatelly re-expressed as a 
system of two first order differential equations for cp (x) 
and c. ,(x) 

dcp _ c m - -  Cp 

d x  x 

dc.,  

dx 

(24) 

X 
2(1 -- x 2 c 2) [cp(c2 -- c2) -- M - L c p  - N c  2] 

C m - -  C p  
(25) 

By introducing a new independent variable f = x 2 the 

equations read 

dcp _ c m - cp (26) 
d f  2 f  

dcm I [Cp(C~, - c~) - M - L c p  - Nc~]  
d f  - 4(1 - f c~) 

% - cp  ( 2 7 )  

2 f  

The Lagrange multipliers M, N, L are determined by 
using the conditions v * =  v, A a * =  Aa  and a* =1 
where 

1 
3 v* = g f f cp da* (28) 

0 

1 

Aa* = ½ ~ (cp + cm) da*, (29) 
0 

where 

da* - d f  
4(1 - f C2) 1/2 (30) 

while the relative energy of the cell is given by 
1 

Wb = ¼1 (cv + c,.) 2 da* 
0 

(3~) 

The contour f ( z )  is obtained by performing the inte- 
gration 

cp d f  
z = Zo -T- __~[(1 - f c ~ )  1/2' (32) 

where zo is the coordinate of a pole and the sign always 
changes when the extremum in the function f (z) is 
reached. 

In the numerical determinations of shapes it is nec- 
essary to pay special attention to the behavior of the 
system close to the extremes of the function f (z) and 
to its zeros, i.e. to the poles of the axially symmetric 
shape. The requirement that the membrane surface at 
the poles is a continuous and derivable function gives 
rise to the following relationships 

c p ( f  = O) = c , , ( f  = 0) (33) 

dcp 1 (N 2 + L c v + M )  (34) 
d f  s = o = - 1 6  Cp 

dcm = 3 ( N  2 + LCp + M )  (35) 
d f  y=o - 16 cp 

Each cell involves an odd number of extremes in the 
function f ( z ) .  At these extremes, according to the defi- 
nition of the curvature along the parallels it is 

f *  c *z = 1. (36) 

Also 
, * 2  cp (Cp - c . 2 )  - N c .2  - L c *  - M = 0. (37) 

The two curvatures in the surroundings of the these 
extremes can be expanded as 

cp = c~* - c;* e + . . .  (38) 

c,. = c * .  ae  1/2 - f ie  + . . . .  (39) 

where 

e = 4- ( f *  - f )  (40) 

with plus for maxima and minus for minima in the 
function f ( z ) .  The first expansion coefficient in the 
expansion of Cp can be determined in terms of c* and 
Cm* a s  

c~* = ___1 c,2 (c* - c*), (41) 

whereas the coefficient c~ in the expansion of Cm is not 
determined by the extreme curvatures. The coefficient 
/~ is 

3cp cp + - p  -,, + c * + 2 N c * c ~ *  
+ L c~*)/2 c* e* - 2 e~* (42) 

(ii)  Possible l imiting shapes 

One can also pose the question of what are the shapes 
of a cell with given A and A A  which have maximal 
volume. In a dimensionless representation, this means 
that we are looking for a shape with extremal relative 
volume v* (Eq. 18) with the condition that the relative 
area a* (Eq. 17) equals one and the relative area differ- 



ence Aa* (Eq. 19) equals Aa. We therefore study the 
functional 

h = v* - ~ ~(a* - 1 ) -  ½ N (Aa* - Aa) (43) 

The Euler-Lagrange minimization procedure leads, if 
we restrict ourselves to shapes which are smooth at the 
poles, to an algebraic equation for the curvature cp 

B7 c 2 + Lc,  - 6 = 0,  (44) 

which means that the curvature Cp is constant over the 
surface. From Eq. (20), we see that in such a case Cm is 
also constant and equal to c v. We therefore conclude 
that the surface which corresponds to the solution of 
Eq. (44) is a sphere or a section of a sphere. As Eq. (44) 
has in general two different solutions, we conclude that 
the limiting shapes consist of spheres or of sections of 
spheres where only two different radii are allowed. 

Let us analyse in more detail some simple limiting 
shapes 
a) A simple possibility is, that a limiting shape consists 
of two spheres with different radii. By requiring that 
the relative area of the cell equals one and that the 
relative area difference equals Aa, one can determine 
the two relative radii r 1 > r 2 

1 {zla  + [ 2 -  (z~a)2] 1/2} (45) r l = ~  

1 {Aa - [ 2 -  (Aa)211/2}. (46) r 2 ----~ 

The maximum volume v~ is then given by 

V e ~ - -  ½Aa [3 - (Aa)2]. (47) 

For 1 < da < 21/2 the dependence Ve(da ) is shown in 
Fig. 1 (line no. 2) For Aa = 21/2 one obtains a limiting 
shape composed of two equal spheres. With decreas- 
ing Aa, one radius increases and the other decreases 
until at da = 1, one radius equals zero and only one 
sphere remains. 

1.0 

0.8 

ve 
0.6 

0.4 

0.2 

0 
0 0.5 1.0 1.5 

Aa 

Fig. 1. Some extreme relative volumes (re) as a function of rela- 
tive leaflet area difference (Aa), together with corresponding 
limiting shapes. Lines 2 and 5 are obtained from Eq. (47) and 
lines 6 and 7 from Eqs. (48) and (49) 
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For 0 < Aa < 1, r2 is negative and the correspond- 
ing shape is shown in Fig. 1 (line no. 5). By decreasing 
Aa, the internal vesicle increases up to Aa = 0 where its 
radius becomes equal to the radius of the cell. 
b) Another simple possibility for the limiting shape is 
that it has a mirror plane symmetry and is composed 
of two equal sections of a sphere (Fig. 1, lines no. 6 
and 7). In this case one obtains a parametrical expres- 
sion for Ve(Zla ) as 

1 
ve - 21/2 singb/2) COS2(qS/2) [3 -l- tgZ(~b/2)l (48) 

1 
Aa = 2~ ~ cos (q~/2) [=/2 -4)  + 2tg(qS/2)] (49) 

The parameter ~b here gives the angular magnitude of 
the section of the sphere. For 0 < ~b < 7r/2 the sections 
are smaller than half of the sphere and these shapes 
correspond to line no. 6 in Fig. 1. For  q5 = re/2 one ob- 
tains a single sphere (Aa = 1, ve = 1), while for ~b > 7t/2 
the sections are larger than half of a sphere (Fig. 1, line 
no. 7). 

Figure 1 also shows some other examples of limit- 
ing shapes and dependencies of their relative volumes 
on the relative leaflet area difference. 

Results  

The general result of the preceding theory is all possi- 
ble shapes and the corresponding membrane bending 
energies at any set of values of relative volume v and 
relative leaflet area dfference Aa. A more compact 
form of presenting this result is to introduce certain 
classes of shapes defined in the following way. A class 
of possible PV or RBC shapes constitutes the shapes 
which can be obtained in a continuous and derivable 
manner from a given shape at certain'values of v and 
Aa, if v and Aa are continuously changed. As the pre- 
viously performed analysis of limiting shapes suggests, 
the classes of shapes so defined may exist within cer- 
tain parts of the v/Aa diagram only. 

In the present work we mainly consider the behav- 
ior of two low energy classes of PV or RBC shapes, the 
class of axisymmetrical shapes involving reflection 
symmetry with respect to the equatorial plane of the 
object, which includes discocyte shapes (designated S 
in the following), and the class of the axisymmetrical 
shapes without such symmetry, which includes cup 
shapes (designated A). 

Firstly, the shapes of these two classes and the 
corresponding membrane bending energies are deter- 
mined for an object with a given relative volume v and 
by varying the relative leaflet area difference Aa. Such 
calculations mimic the experimental situation in 
which, by physical or chemical means, the difference in 
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the leaflet areas is changed by keeping the volume of 
the object and its membrane area constant. For  in- 
stance, the volume of giant PV remains practically 
constant during the observation of shape changes be- 
cause of the relatively low water permeability of phos- 
pholipid membranes. The volume of RBC is osmoti- 
cally regulated by processes which need not be affected 
by perturbations causing the Aa changes. The mem- 
brane area can be considered to be practically con- 
stant because the change in the area of one of the 
bilayer leaflets necessary to cause relevant shape 
changes is less than 1% of the total leaflet area (Beck 
1978; Svetina et al. 1982). Figure 2 shows the depen- 
dence of the relative membrane bending energy 
on Aa for the value of relative cell volume v = 0.6 for 
classes S and A. In Fig. 3 are given examples of some 
of the corresponding shapes. Symmetrical discoidal 
shapes (class S) are shown within the interval 
0.996 < Aa < 1.073. The lower bound is a discocyte 
shape at which the two poles of the object come into 
contact. At values of Aa < 0.996 there is a finite 
amount  of membrane in contact. The upper bound is 
the limiting shape resembling a bi-valved shell (see 
Fig. 1, line no. 6). In the interval 0.996 < Aa < 1.062, 
the object has a discoid shape with the distance be- 
tween the poles increasing with increasing Aa. At val- 
ues Aa > 1.062 the object resembles an ellipsoid. The 
membrane bending energy has its smallest value at 
Aa =1.038, where the shape is discocyte. As here 
N = 28wb/SAa = 0 this is the shape which can be ob- 
tained by minimizing the membrane bending energy 
by taking into consideration only the constraints of 
constant membrane area and object volume. The pres- 
ent result thus confirms the results of Canham (1970). 

In the interval 0.426 < Aa <1.034, there exist 
asymmetrical cup shapes (class A). The upper bound 
represents a shape belonging to the class of symmet- 
rical discoidal shapes described above. At this value of 
Aa, the symmetrical shapes become unstable and are 
unstable below this value. The description of the na- 
ture of this instability is outside the scope of this paper 
and will be treated separately. The lower bound is the 
limiting spherical shape involving an inside spherical 
vesicle with an inside out oriented membrane (line 
no. 5 in Fig. 1). The series of shapes shown in Fig. 3 
(designated by A) illustrates the dependence of these 
asymmetrical shapes on the value of Aa. Starting with 
Aa = 1.034 and decreasing Aa, the curvature at one of 
the poles increases whereas at the other pole, its value 
decreases. Below Aa = 0.96 only a single dimple is left. 
There is a special shape at Aa = 0.78 where new ex- 
trema in the function f ( z )  appear. Below Aa = 0.78 
the mouth of the cavity is closing at decreasing Aa and 
closes finally when the limiting shape is reached. The 
membrane bending energy of the asymmetrical shapes 
at v = 0.6 involves two extreme values with respect to 

W b 

24 

21) 

1.960 
W b A j 

1.958 

1.956 

1.954 " I I 
t.02 1.03 At [  1.04 

1.9 I I I I I I I 
0.4 0.5 0.6 0.7 0.8 0,9 1.0 1.1 

5 a  

Fig. 2. The dependence of the relative membrane bending ener- 
gy w~ on the relative leaflet area difference (Aa) for v = 0.6 and 
for S: the class of axisymmetrical shapes with equatorial mirror 
plane symmetry, which includes discocyte shapes (symmetrical 
discoidal shapes), and A: the class of axisymmetrical shapes with 
broken equatorial mirror plane symmetry, which includes cup 
shapes (asymmetrical cupped shapes). In the inset is shown an 
enlarged part of the diagram close to the minimum. It can be 
seen that the A-class continuously transforms into the S-class 

/m: 0.997 1.038 1.060 1.065 1.073 
Wb: 2.05 1.956 2.13 2.36 o~ 

S 
! i 

l 

,Sa: 0.43 0.51 0.88 0.95 1.02 
~b:  2.000 I978 2.022 2,005 1.95% 

Fig. 3. Characteristic examples of symmetrical discoidal shapes 
(S) and asymmetrical cupped shapes (A) at relative volume 
v = 0.6. All shapes except the two limiting shapes (at Aa = 1.073 
and Aa = 0.43) are obtained numerically by solving Eqs. 
(26)-(29) and (32). The corresponding relative leaflet area differ- 
ences (Aa) and the relative membrane bending energies (%) are 
given 

Aa changes (Fig. 2). At Aa = 0.83 there is a maximum 
and there is a minimum at Aa = 0.51. The limiting 
shape has the value wb = 2, as expected for a general 
shape which is composed of two spheres. 

The dependence of the relative membrane bending 
energy on Aa as presented in Fig. 2 shows how the 
system would behave if the constraint A a -  const. 
were removed. If initially Aa > 0.83 an object would 
eventually become a discocyte with Aa = 1.038 where- 
as with the initial Aa < 0.83, an object would become 
a stomatocyte with Aa = 0.51. This tendency of the 
system is most clearly seen from the Aa dependence of 
the derivative 8wb/SAa (Fig. 4c). It is of interest to 
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leaflets at v = 0.6. S: symmetrical discoidal shapes; A: asymmetrical cupped shapes 
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Fig. 5. Representation of the region in the v/Aa diagram belong- 
ing to the class of symmetrical discoidal shapes (bold lines). The 
region is subdivided (thin lines) into parts with different signs of 
the partial derivatives of the membrane bending energy by mem- 
brane area, volume, and difference between the areas of the 
bilayer leaflets, as shown. Lines which divide these parts of the 
region are obtained by calculating shapes in which one of the 
Lagrange multipliers L, M or N is taken to be zero 

know the tendency of the system also for the case of the 
removal of other constraints. In Fig. 4 are therefore 
shown also the derivatives of the relative membrane 
bending energy with respect to relative area (a) and 
relative volume (b). An interesting observation made is 
that at Aa values close to the limiting shapes, ~Wb/~V is 
positive, which means that the tendency is to decrease 
the volume, whereas ~wb/3a is negative and the mem- 
brane area tends to increase. 

The generalization of the described behavior of the 
system to other relative volumes leads us to a more 
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o f f 
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Fig. 6. Representation of the region in the v/Aa diagram belong- 
ing to the class of asymmetrical cupped shapes (bold lines). The 
region is subdivided into parts (thin lines) as in Fig. 5 

general characterization of the two classes of shapes 
described. Figures 5 and 6 show some properties of 
these classes. The treated symmetrical shapes which 
have a finite distance between the poles can only be 
realized at v and Aa values within certain boundaries 
(Fig. 5, bold lines). The upper boundary with respect 
to the Aa values are shapes resembling a bi-valved 
shell (Fig. 1, line no. 6). The lower boundary with re- 
spect to the zla value is another limiting shape, a 
sphere involving two invaginated equal spheres (line 
no. 1 in Fig. 1). The third boundary line appearing in 
Fig. 5 represents shapes with the two poles touching 
each other. The area in the v/Aa diagram belonging to 
the treated class o f  symmetrical shapes is still further 
divided by lines which correspond to the value zero for 
each of the three Lagrange multipliers (Fig. 5, thin 
lines). In the sections of the class so obtained, the par- 
tial derivatives of the total membrane bending energy 
have different combinations of signs, as given in Fig. 5. 
An analogous representation of the class of asymmet- 
rical cupped shapes is given in Fig. 6. Here the bound- 
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ary of the class at lower values of Aa is the limiting 
shape involving a single invaginated sphere (Fig. 1, line 
no. 5). The upper boundary with respect to Aa values 
is the line at which the shapes become symmetrical. 
Also in this case the third boundary represents shapes 
with touching poles. 

Discussion 

Minimization of the membrane bending energy under 
the constraint of bilayer couple provides for a variety 
of PV and RBC shapes which depend on the values of 
the relative vesicle volume v and the relative leaflet area 
difference A a. The shapes so obtained do not depend 
on the value of the membrane bending elastic con- 
stant. The result of the present analysis is various spe- 
cial properties of the system, in which the first to be 
discussed is the geometrical limitations imposed by the 
bilayer couple. If there is a shape corresponding to 
certain initial values of v and Aa, and either v continu- 
ously increases or Aa continuously increases or de- 
creases, the process can in general be continued only 
up to a certain limit within the v/Aa diagram. The 
shapes corresponding to these limits are compositions 
of sections of spheres in which only two sphere radii 
are possible. Shapes which are compositions of spheres 
are a common observation in experiments involving 
giant phospholipid vesicles (Sackmann et al. 1986). 
RBC vesiculation can also be considered as experi- 
mental support for the existence of limiting shapes. 
The usual result here is the occurrence of a spherical 
cell and a large number of small vesicles of about the 
same size. The vesicles obtained either have a normally 
oriented membrane or an inside out oriented mem- 
brane. The present analysis suggests that the right side 
out oriented vesicles are the ultimate result of the pro- 
cesses by which the leaflet area difference Aa increases, 
and that the inside out ones are the ultimate result of 
any procces by which the Aa decreases. It has been 
recently observed that agents which are known to mo- 
dulate RBC shape do also influence the vesiculation 
behavior of the cells (Bfitikofer et al. 1987) which is in 
accordance with the predictions of the present theory. 
However, in relating the present theory and the vesicu- 
lation processes it should be noted that the limiting 
shapes determined here still represent bodies with a 
connected surface. The transition from a certain limit- 
ing shape to a state of the system in which the vesicles 
are separated must involve mechanisms which are out- 
side the scope of the present theoretical treatment. 

Another interesting feature of the system studied is 
the existence of axisymmetrical shapes involving dif- 
ferent symmetry properties. The present analysis indi- 
cates that discocytic and cupped RBC shapes are 
members of two different classes of possible shapes of 

the bilayer couple system. These two classes have a 
common line in the v/Aa diagram which is an instabil- 
ity line of the symmetrical shapes. 

Whereas the treatment of idealized PV and RBC 
systems in which the shape is assumed to correspond 
to the minimum membrane bending energy at con- 
stant volume, membrane area and difference between 
the areas of the two membrane leaflets provides a clear 
representation of the general features of the bilayer 
couple system, it is important also to visualize in what 
way these general features persist when additional real 
properties of the systems analyzed are taken into con- 
sideration. An example of such a property is the spon- 
taneous curvature, which is expected to be nonzero if 
there is any asymmetry in the structure and composi- 
tion of the two bilayer leaflets. The bending energy in 
this case is 

I/Vbc=~IK~(CI+ C2 - Co) 2 dA*. (50) 

Here Co is the spontaneous curvature which is the 
material property of the membrane. In a dimensionless 
formulation, the above bending energy can be ex- 
pressed as 

i 2 Wbc = Wb -- coda* + ~Co, (51) 

where Co = Co Rs and Rs is given by Eq. (5). 
It is easy to see that by minimizing the above bend- 

ing energy at constant spontaneous curvature Co and 
at given values for relative volume, relative area and 
relative leaflet area difference (Aa* = da) one obtains 
the same shapes as before, when only wb was min- 
imized, because the last two terms in Eq. (51) are con- 
stant. Because of these two terms, only the energy of 
the obtained shapes changes. Consequently, the Aa 
value at which the bending energy is at an extremum 
is changed. A positive Co shifts the minima to larger Aa 
values and maxima to smaller Aa values. 

It is of interest to relate the present treatment of PV 
and RBC shapes to the work of Deuling and Helfrich 
(1976 a) and others (Jenkins 1977; Luke 1982; Peterson 
1985). In these works the membrane bending energy 
(Eq. 50) is minimized under the constraints of constant 
volume and membrane area, leaving the leaflet area 
difference da free. This is the limiting case of the pres- 
ent treatment in which the constraint of constant leaf- 
let area difference is removed and we can put N = 0, 
i.e. we look for the extrema of wbc as a function of Aa 
at constant relative volume. Physically this case can be 
realized, for instance, by the flip-flop processes for 
phospholipid molecules. 

In general, the extrema are obtained by minimizing 
expression (51) with respect to Aa 

dWbc dw b 
dAa - dAa Co = 0 (52) 
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Fig. 7. a Relative leaflet area difference Aa corresponding to the 
extreme energy shapes is shown for v = 0.6 in dependence of the 
spontaneous curvature c o for the class of symmetrical discoidal 
shapes (S) and for the class of asymmetrical cupped shapes (A). 
b The corresponding dependences of the membrane bending 
energy on e o 

For  v = 0.6 the values of Aa and Wbc of the extremum 
shapes as a function of Co for treated classes of sym- 
metrical and asymmetrical shapes are given in Fig.7. 
Because of relation 52, Fig. 7 a which shows the depen- 
dence Aa = Aa(co) is equal to the inverted Fig. 4c. For  
the symmetrical class (S) the relative energy wb has one 
single minimum (Fig. 2), which is relatively steep. The 
spontaneous curvature therefore changes the minimal 
Aa only slightly, shifting it to larger values for positive 
Co. For  the asymmetrical class (A) (Fig. 2), there are 
two extrema in Wb(zla): a minimum at Aa = 0.51 and a 
maximum at Aa = 0.83. The positive spontaneous cur- 
vature shifts the minimum to larger Aa and the maxi- 
mum to smaller Aa, until they coalesce at co=  0.18. 
Above Co = 0.18 the extreme asymmetric (A) solution 
no longer exists. For  negative co, the minimum is 
shifted to smaller Aa and the maximum to larger Aa. 
It can be seen from Fig. 7b that for Co > - 0.10, the 
symmetric solution is stable, and that it transforms at 
co = - 0.10 discontinuously into an asymmetric solu- 
tion with Aa = 0.48, which corresponds to an almost 
closed cup shape (Fig. 3). Within such a scheme for 
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Fig. 8. a The minimum membrane bending energy as a function 
of the relative volume v shown for two classes of axisymmetrical 
shapes involving reflection symmetry. Shapes of the class desig- 
nated O become oblate ellipsoids at v close to one whereas 
shapes of the class designated P become prolate ellipsoids at 
v close to one. All shapes are calculated by taking N = 0. b The 
lines in the v/Aa diagram which correspond to these shapes are 
shown 

the discocyte-stomatocyte transition the usual stoma- 
tocytes are never stable. 

For  v = 0.6, which is believed to be the value corre- 
sponding to a normal RBC, and co = 0, the absolute 
minimum of membrane bending energy corresponds 
to the discocyte shape (Figs. 2 and 3) which is the 
stable shape of a normal RBC. For  larger volumes, i. e. 
in the limit v-+1, this shape attains the form of an 
oblate ellipsoid and therefore this subclass of S can be 
denoted by O. The corresponding relative energies and 
relative area differences are shown in Fig. 8. There ex- 
ists another class of symmetric shapes which become 
prolate ellipsoids for v --,1 (class P). It can be seen from 
Fig. 8 a that for v close to one, the energy of the oblate 
solution is larger than the energy of the prolate shape, 
which is therefore stable. It has been suggested (Helf- 
rich and Deuling 1975) that a large enough negative 
spontaneous curvature must exist for the oblate (i.e. 
discoid) shape to have a lower energy than the prolate 
one. It can be seen from Fig. 8 a that at v = 0.6 for 
c o - - 0  the oblate shape has lower energy and no 
spontaneous curvature is needed to stabilize the dis- 
coid solution with respect to its prolate analogue. 
Figure 8 b shows the corresponding Aa values of the O 
and P subclasses. The two lines are considerably apart 
in the v/Aa diagram, which means that a transforma- 
tion from one shape to another involves a considerable 
transfer of the bilayer material from one membrane 
leaflet to another. Such a transformation is therefore 
quite improbable and it is thus possible for an object 
to be caught in the local minimum of membrane bend- 
ing energy. 

The presented treatment of the bilayer couple sys- 
tem is the limiting case of a more general approach in 
which the energies of other deformational modes of 
the membrane are taken into consideration. For  the 
bilayer membrane in the liquid state there are two such 
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modes (Svetina et al. 1985), the stretching of the mem- 
brane 

W~t ~ = ½ K '  (A  - A o ) 2 / A o  (53) 

and the relative stretching of the two membrane leaf- 
lets 

Wr,t, = ½ K "  ( A A  - -  AAo) 2 (54) 

K'  and K "  are the corresponding elastic constants. Ao 
and A A o  are equilibrium values of the average mem- 
brane area and the leaflet area difference, respectively, 
and A and A A  are the corresponding values of the 
stretched state. The energy terms (53) and (54) can be 
included into the minimization procedure and the 
functional to be minimized then reads 

G' = ~ + w~t, + w~s~ - ~ ( v *  - v ) .  (55) 

It turns out that the Euler-Lagrange equations ob- 
tained are formally equivalent to the equations ob- 
tained by the minimization of the functional for G 
(Eq. 2) where, instead of Lagrange multipliers 2 and v, 
we have 

2 = - K '  (A  - A o ) / A o  (56) 

v = - K " ( A A  - A a o ) ,  (57) 

ing of the parameters is not so obvious as in the bilayer 
case. For  instance, the parameters of the relative 
stretching term, K "  and A A  o (Eq. 57), depend in a defi- 
nite manner on the areas and stretching constants of 
all three composite layers, and the distances between 
their neutral surfaces. In conclusion, such an analysis 
implies that the bilayer couple concept is also applica- 
ble, at least under specific conditions, in the case of 
RBC shape transformations, only care must be taken 
about the actual meaning of the parameter A A o .  

The present studies lead to a general conclusion 
that the understanding of PV and RBC shape forma- 
tion must be achieved at two separate levels. At the 
macroscopic level, the vesicle or cell shape is formed 
such that it corresponds to the minimum value of the 
elastic energy of the membrane. The parameters in- 
volved are the areas of the layers and their stretching 
and bending constants if there are three or more layers, 
and only the difference in the areas of the two leaflets 
in the case of the bilayer. At the microscopic level, 
there are different physical and chemical processes 
which regulate the magnitudes of these areas. It is 
important  to realize that it is not the details of these 
processes but only their final result which determines 
the PV or RBC shape. 

In order to predict shapes within such a generalization 
it is necessary to know the relative magnitudes of the 
elastic constants involved. It is assumed that it is much 
easier to bend the membrane than either to stretch it 
or to stretch the two membrane leaflets relatively, 
therefore the shapes obtained for a flaccid vesicle are 
not expected to differ appreciably from the shapes cal- 
culated on the basis of the theory presented in this 
work. The inclusion of stretching and relative stretch- 
ing terms gains in importance when the shapes are 
close to the limiting shapes where vesicles are loosing 
their flaccidness. The study of the system under such 
conditions is also outside the scope of the present 
treatment. 

The bilayer couple concept is not necessarily appli- 
cable to the shape problems of the RBC because this 
cell has, in addition to the two leaflets of the bilayer 
part of the membrane, also a network of cytoskeletal 
proteins. Experiments suggest that both parts of the 
membrane are involved in RBC shape formation. A 
possible approach to include the cytoskeletal proteins 
into the study of RBC shape formation and transfor- 
mations is to consider the RBC membrane as a system 
of three layers which are free to move relative to one 
another  but are in contact. The analysis of the me- 
chanical properties of such a trilayer system (Svetina 
et al. 1988) shows that its elastic energy can be ex- 
pressed as the sum of exactly the same deformational 
modes as the bilayer system, i.e. the bending, stretch- 
ing and relative stretching terms. However, the mean- 
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